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COMPLEX HESSIAN OPERATOR, m-CAPACITY, CEGRELL’S CLASSES 
AND m-POTENTIAL ASSOCIATED TO A POSITIVE CLOSED CURRENT 

ABIR DHOUIB AND FREDJ ELKHADHRA 


Abstract. In this paper we firstly introduce the concepts of capacity and Cegrell’s classes 
associated to any m-positive closed current T. Next, after investigating the most imporant 
related properties, we study the definition and the continuity of the complex hessian operator 
in several cases, generalizing then the work of Demailly and Xing in this direction. We also 
prove a Xing-type comparison principle for the analogons Cegrell class of negative m- 

subharmonic functions. Finally, we generalize the work of Ben Messaoud-El Mir on the complex 
Monge-Ampere operator and the Lelong-Skoda potential associated to a positive closed current. 
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1. Introduction 

Let D be a bounded open subset of C”. Denote by 'PiS'H(D) the set of plurisubharmonic (psh) 
functions on D. Denote also by (resp.'^p*“(D)) the convex cone of positive (p,p)-forms 

(resp. positive currents of bidimension {p,p)) on D. Throughout the paper, j3 is the standard 
Kahler form on C"' and SuppT is the support of a given current T. Beside the introduction the 
paper has four sections. In Section 2 we give a short discussion on the notion of m-positivity of 
forms and currents, introduced recently by Lu [TO]. This notion serves as a generalization and 
the analogue of the well-known theory of positivity. In [5], Cegrell introduced and studied three 
importants classes of negative psh functions. Among the fundamental properties of such classes, 
Cegrell obtained the biggest domain of dehnition of the complex Monge-Ampere operator. In [9], 
the authors associated to every closed positive current T an analogous classes. In particular, they 
generalize some properties obtained by Cegrell for the trivial current T = 1. Later on, building 
the existence of a local solution of the complex hessian equation {ddP.)'^ A = 0, Lu [lOj 
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extends the work of Cegrell to the context of hessian complex theory. Namely, he consider the 
Cegrell’s classes of m-subharmonic (m-sh) functions relatively to the strongly positive current 
T = In Section 3, we associate to each closed m-positive current T, the notion of 

capacity. In this study and similarly as in [7], we prove that every m-sh bounded function is 
continuous away from an open set of arbitrarily small capacity and therefore we obtain a Xing- 
type comparison principle inequality for m-sh functions. We establish also that the complex 
hessian operator T A {dcF-Y converges for monotonic limits of m-sh functions which are bounded 
only near cinnSuppT. This is essentially the work of Demailly [8] in the border case m = n. Next, 
using the quasicontinuity of m-sh bounded function we prove that the monotonicity condition 
can be relaxed to a convergence in the sense of capacity, but under certain hypothesis on the 
relative pole sets. Similarly as in [9] and m, in Section 4, we associate to each m-positive closed 
current, the analogous pluricomplex energy classes of Cegrell. Some properties developed in [9] 
and [To], are then generalized. Namely, we show that the complex hessian operator previously 
studied in section 3, is well defined for the Cegrell’s classes. Moreover, in connection with these 
classes, we prove a Xing-type comparision principle inequality, which generalizes the one proved 
by m for the trivial current T = 1. The purpose of Section 5, is to extend the main work of 
Ben Messaoud-El Mir [3| on the Monge-Ampere operator and on the local potential relatively to 
a positive closed current, to the complex hessian theory. To this aim, we replace the well-known 
Newton kernel used by [3|, by an (n — m -|- l)-sh function of Riesz-type kernel. 

2. m-POSITIVITY OF FORMS AND CURRENTS 

According to |10] . a real (1, l)-form a is said m-positive on 12 if at every point of we have 
a? A > 0, Vj = 1, ...,m. By duality a current T of bidimension (p,p) on 12, p < m, is said 
m-positive if T A ai A ... A > 0, for all m-positive (1, l)-forms oi,..., a^. 

Remark 1. It is not hard to see that the notion of m-positivity of (l,I)-forms coincides with 
the standard one when m = n. This is not the case if m < n: in fact it is clear that the form 
a = idzi A dzi + idz 2 A dz 2 — ^dz^ A dz^ in C^, is 2-positive but not positive. 

The following lemma will be essential for our work 
Lemma 1 . (See [l|j Let 1 < p < m. If a, ...ocp are m-positive (1, l)-forms then ai A ... A ap A 

pn-m y 0. 

Our aim now is to formulate a more general definition of m-positivity that has the requirement 
of being compatible with the concept of the standard notion of positivity : 

Definition 1. Let y? be a real (p,p)-form on Ll and T be a current of bidimension {p,p) on fl. 
Let p < m < n, then we say that 

(1) (f is m-positive on LI if at every point of fl we have 

AA A ... A Om-p > 0, 'lai, ...,am-p m—positive forms. 

(2) (f is m-strongly positive on LI if 

N 

I’ = A ... A Op, 

k=l 

where aj,..., a^, are m-positive forms on Ll and > 0. 

(3) T is m-positive if {T,ip) > 0, Vip m-strongly positive (p,p)-form on 12. 

(4) T is m-strongly positive if {T,ip) > 0, \/ip m-positive (p,p)-form on 14. 

Remark 2. Notice that when m = n, we recover the well-known notions of positivity and strongly 
positivity. Moreover, it is clear that m-strongly positivity implies m-positivity and the notion of 
m-positivity of currents coincides with the one given by Lu m- Let also stress that ifp = 1, then 
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our definition 1 for m-positivity of forms is equivalent with the notion of m-positive forms given 
by HD]. This means that if cr is a real (1,1) form, then rr A/1 Acii A... Aci^—i ^ 0, Vrri,..., —i 
m-positive forms is equivalently saying that A > 0,Vj = 1, Indeed, we can use 

lemma 1 combined with the preliminary part of [T2|. In particular, as in the border case m = n, 
if p = 1 , there is no difference between m-positivity and m-strongly positivity. 


Example 1. Notice that unlike the complex case (m = n), starting from an m-positive form, we 
cannot define an m-positive current. However, if p is an m-positive (resp.m-strongly positive) 
(p,p)-form on H then, the form define an m-positive (resp.m-strongly positive) current 

of bidimension (m—p, m — p) on H. More generally, if X is a pure p-dimensional analytic subset 
of H, such that n < m + p, then, in view of definition 1, we see that [X] A is an m-strongly 

positive closed current of bidimension (p -|- m — n,p -|- m — n) and supported by X. 

For convenience, we will denote by ^™(H) (resp.'^))”(H)) the convex cone of m-positive {p,p)- 
forms (resp. m-positive currents of bidimension {p,p)) on H. 

Definition 2. A function u : H MU {— oo} is called m-subharmonic if it is subharmonic and 

dd'^u A A ... A Om-i A > 0, 

for all m-positive (1, l)-forms ai, Denote by the class of m-sh functions on H. 

As a direct consequence, it is clear that dd^u A is an m-positive current for each u G 

^m(D) and 1 < m < n. The four first assertions in the following proposition was presented in 
many papers (see m or [121). 


Proposition 1. 

(1) If u is of class then u € if cind only if dd^u is m-positive on H. 

( 2 ) If u G then the standard regularization uj = u-kXj € £Prn{fdj) where 

Qj = {x G H : d{x,dl}) > 1/j}. Moreover, {uj)j decreases pointwise to u. 

(3) If{ua)a is a family of m-sh functions, u = sup^Uo < +oo and u is upper semicontinuous 
then u in m-sh. 

(4) VS'H{Il) = ^n{^) C C • • • C := {u, subharmonic on H}. 

(5) &+{n) = c c • • • c 

(6) C 'r/+^(H) C • • • C %"(H) = %+(H). 

As an immediate consequence of statement (1), we see that if ui, ...,Up G ^^(D) n ^m(D), 
p < m, then the (p,p)-form dd^ui A ■ ■ ■ A dd^Up is m-strongly positive on H. On the other hand, 
it is quite easy to establish that the three later inclusions in Prop.l are strict in general. In 
fact, thanks to the first statement, we see that u = |^ip-|-| 5 ; 2 p — € ^ 2 (C^) \ VS'H{C.^). 

For the assertion (5), let e > 0, 7 = idzi A dzi -\- idz 2 A dz 2 I- idz^ A dz^ — eidz 4 A dz^ and 
p = —^dzi A dzi A idz 2 A dz 2 + idzs A dz^ A idz 4 A dz^. A direct computation shows that 7 is 
3-positive, ipA/lAj < 0 and <pA/3^ > 0. This means that ip G S >2 ^2 ■ Concerning the 

cone of m-positive currents, let a be the (I, I)-form used in remark I and denote by Ti = [zi = 0] 
the current of integration on {zi = 0} in C^. It is not hard to see that Ti A o? is negative. It 
follows that Ti G \ For the intermediate cones, let us consider 


Z 2 

T2 = P A a = 2 idzi A dzi A idz2 A dz2 I- ^3 ^ ^ ^ 

Thanks to lemma I, we have T2 G Since 7 = idzi A dzi -\- idz2 A dz2 — idz^ A dz^ is 

I-positive and r 2 A 7 is negative, we conclude that T 2 0 (C^). 


Remark 3. It should be noted that for m < n, the above classes ^™(D) and are 

not preserved under direct or inverse images by holomorphic maps. For example, let tt be the 
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projection defined by Tr{z,t) = z, z £ C^,t G C. Let T = /3^ in C^, then by lemma 1, T is 2- 
positive. However, 7 r*T is not 2-positive since 7 r*T Add‘^\z\‘^ Aa < 0, where a = dd‘^\z\'^ — eidtAdt 
is a 2-positive form in C^, for 0 < e < 1. It is not difficult to formulate similar examples for the 
other cones as well as for the direct images. 

In order to more understand the cone of m-positive currents, we shall prove : 

Proposition 2. Let T £ ‘rfp{C^) be closed, then T is generated by /3"’ p, i.e, there exists a 
constant c > 0 such that T = c/3'^~p. 

V 

Proof. Assume that p = 1, then T can be written as T = Yli<j k<n'^jk'idzj Adzk, where V 
means that we omit the form dzj A dzk in the saturate one. Let us consider the real (1, l)-forms 

Ok = idzi A dzi + ... — (n — l)idzk A dz^ + ... + idzn A dzn- 

It is clear that for every k £ {!,..., n}, is 1-positive. Since T is 1-positive, one have TAa^ > 0, 
k = 1, ...,n in the sense of currents. Therefore, we obtain a system of n-inequalities formed by 

— {n — l)Tkk + Tgs P 0 . 

s^k 

It is not hard to see that these inequalities are in fact equalities. Hence, (n — l)Tkk = 
for k = 1, ...,n. By a simple computation we show that Tjj = T^k for j ^ k. Similarly we can 
check the case p = n — 1. To prove the other cases 1 <p<n — 1, we argue by induction on n. 
The result is clear when n = 2 and assume it for n — 1. Let T be a current as in the proposition 
2 . According to [3], the slice T^i exists for L in a non pluripolar subset of the grassmanien 
G{n — l,n). We claim that £ ^pZi{L). In fact, let ai,...,ap_i £ Without loss 

of generality, assume that L = {zn = 0} and setting 'yj{z',Zn) = o:j{z') +tdd^\zn\‘^, t > 0, 
j = l,...,p — 1. For t sufficiently large, we have £ ^f(C”). Indeed, let 'A = (Ai,..., A,i_i) 
be the eigenvalues of ai, then A = (Ai,..., A^-i, t) are the eigenvalues of 71 . By [I], we have 
^Hp{X) = Hp-i{'X), where Hm{p) is the symmetric functions of order m of the vector p. Since 
ai is {p— l)-positive, LIp_i('A) > 0. It follows that Hp{X) > 0 for f sufficiently large. Therefore, 

a ai a ... A ap-i = T A dd'^ log \zn\ A 71 A ... A 7 p_i > 0. 

By the induction hypothesis, it follows that = CL{dd'^\z'. □ 

3. m-CAPACITY AND CONTINUITY OF THE COMPLEX HESSIAN OPERATOR 

The purpose of this section is towfold. First, similarly as in [7] and m, we introduce the 
notion of capacity associated to an m-positive closed current T. At the same times, we discuss 
some results and properties of such capacity, and we point out that some of them are not 
automatically repeated as in the trivial current T = 1, or T = Second, we study the 

continuity of the complex hessian operator for decreasing sequences of m-sh functions bounded 
near the boundary, as well as for sequences of m-sh functions converging in the sense of capacity. 

3.1. Relative m-capacity associated to an m-positive closed current. According to m, 
the complex hessian operator dd'^ui A • • • A dd^Uk A T is well defined for an m-positive closed 
current T and m-sh locally bounded functions ui, ■.■,Uk. Moreover, acting on locally bounded 
m-sh decreasing sequence, such operator is continuous. As a consequence and similarly to [7], 
we associate to each m-positive closed current the following relative m-capacity : 

Definition 3. Let H be an open set of C"’, AT C H a compact and T an m-positive closed current 
of bidimension {p,p) on H, m > p > 1. We define the m-capacity of K relatively to T by: 

capm,T{K, H) = capm,T{K) := sup | J {ddfuY AT, u £ 0 < u < 1 



COMPLEX HESSIAN OPERATOR, m-CAPACITY AND m-POTENTIAL 


5 


and for every i? C O, capm,T{E,^) = snp {capm,T{K), K compact of O}. 

This capacity generalizes the one given in m for the strong positive current T = /?" ™ and 
the one in [7] for the case m = n, i.e, T is a closed positive current. Such capacity shares the 
sames properties as the preceding capacities. Namely, we have 

Properties 1. 

(1) If E is Borel set, then capm^riE, Q) = sup {J^{dd^vy AT, v £ 0 < n < l} ; 

(2) If El C E 2 then capm,T{Ei,Q) < capm,T{E 2 ,^); 

(3) If i? C rii C then capm,T{E,TLi) > capm,T{E,TL 2 )', 

(4) If El, E 2 , ■ ■ ■ are Borel sets of Q, then capm,T {^j>iEj, fl) < capm,T{Ej, O). 

(5) If i?i C £'2 C • • • are Borel sets of H, we have : capm,T (Uj>i£j, 11) = lim capm,T{Ej,TL). 

In this direction, we state the following definition : 

Definition 4. A subset A C 14 is said (m, r)-pluripolar in H if capm,T{A, II) = 0. One say that 
A is locally (m, r)-pluripolar, if for avery a £ A, there exists an open neighborhood P of a such 
that A n P is (m, T)-pluripolar in V i.e, capm,T{A nV,V) = 0. 

Remark 4. 

(1) Following the terminology of [TO], a Borel set A is m-polar (i.e, (m,/3”“™')-pluripolar in 
the sense of definition 4) in 12 if and only if A C {2; € 0, v(z) = —00}, where v £ i^m(II). 

(2) Assume that 0 € 0 and let L be a complex linear space of dimension p in C"". By a 

unitary change of coordinates, we assume that L = x {0}. Select an integer m such 
that p + m > n. Let G be an open subset of 0, n € [0,1]), and i : Ln^l ^ Q is 

the inclusion map. Then, we see that 

[ [L] A A {dd^u)P+^-'^ = [ (i*/3)P-("^+P-0 A {dd%i*u))P+^-'^. 

Je JenL 

Thanks to a result of [I], u\Lnn = Eu is {m + p — n)-sh. Therefore, if we consider the 
current T = [L] A by the above equality, we deduce the equivalence: G is locally 

(m, T)-pluripolar if and only if L n ^ is locally {m + p — n)-polar in L n 12. 

(3) Assume that T is an m-positive closed current of bidimension {p,p) on 12 and let E 
be a Borel subset of 12. From Prop.l we have: capm,T{E) > capm+i,T{E) > ••• > 
capn,T{E) = Ct{E) (with the notation of [7]). In particular, if E is (m, T)-pluripolar 
then E is T-pluripolar in the sense of [7]. Before ending this discussion, it should be 
noted that the equivalence of Prop.2.3 in [9] is far from being true. In fact if A is T- 
pluripolar then A is T-negligible (the trace measure of A is zero) but the converse is 
false. Indeed, let 12 be the unit open ball in C^, T = dd'^iog | 2 ;i|, and let A be a compact 
subset of 12 n {zi = 0}, such that A is Lebesgue-negligible but not polar. 

By repeating the arguments of [9], we can prove : 

Proposition 3. 7/ A C 12 is locally {m,T)-pluripolar then A is {m,T)-pluripolar. 

One of the most important properties of locally bounded m-sh functions is quasicontinuity 
with respect to capm,T ■ every m-sh locally bounded function is continuous outside an open set 
with arbitrarily small capacity capm,T- By adaptation of the proof of [7], we obtain: 

Theorem 1. Let LI be a hounded open subset ofC^,u £ i3^m(I2) nL“^(r2) and T is an m-positive 
closed current of bidimension {p,p) on 12. Then for every e > 0, there exists an open set G of 
12 such that capm,T{G, 12) < e and u is continuous on LI G. 


Remark 5. 
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(1) In [To] Lu, was established Thm.l for the particular case T = but u is only ru¬ 

sh. In our situation the required assumption u locally bounded is essential as shown the 
following example: 

n = := the polydisc of C^, T = [zi = 0] A /3, u{zi, Z 2 ) = log \zi\. 

It is clear that T is a 2-positive closed current. Moreover, u is a 2-sh function and is 
discontinous on the support of T, which has a strictly positive capacity. 

(2) Let u be an m-sh locally bounded function in T2. Assume that X is an analytic subset 

of n of dimension p, with p + m > n. It is important to point out that the Theorem of 
quasicontinuity of [TO] don’t gives any information about the regularity of u near X. By 
applying Thm.l for T = [A] A we see that u is continuous on X minus a subset 

of arbitrarily small volume in X. 

Before terminating this discussion, we state some interesting related problems pertaining to 
the notion of the capacity capm,T- 

PI. Assume that {Kj)j is a decreasing sequence of compact subsets of fl, then it is clear that 
capm,,T{Kj) decreases. Is that capm,T(niL,) = lim capm.,T{Kj)7 

P2. Let A be a compact subset of Q. Is there a function u € [0,1]), such that 

capra,T{K) = A T? 

P3: Can we caracterize the {m, r)-pluripolar subsets of O? 

It should be noted here that the above problems was resolved by [2] for m = n,T = 1 and by 
[T] and [To] for T = 

3.2. Continuity of the complex hessian operator. Building on the work of Demailly [S], 
we show that the complex hessian operator is well dehned for m-sh functions which are bounded 
only near dQ fl SuppT. More precisely, we prove: 

Theorem 2. Let Ll be a bounded strictly pseudoconvex open subset o/C”. Assume that ui, ■ ■ ■ ,Uk 
are m-sh functions on 12 such that each Uj is bounded near 912 n SuppT, where T is an m-positive 
closed current of bidimension {p,p) in 12. Then, by induction the following operator 

dd’^ui A • • • A dd^Uk A T = dd'^{uidd'^U2 A • • • A dd^Uk A T), 

is well defined in 12. Moreover, assume that u\, - ■ ■ are decreasing sequenees of m-sh functions 
converging pointwise to ui, - ■ ■ ,Uk, then we have 

(1) u\dd^U 2 A • • • A dd'^u^j^ A T converges weakly to uidd^U 2 A • • • A dd’^Uk A T. 

(2) dd^^u^ A • • • A dd'^ul, A T converges weakly to dd’^ui A • • • A dd'^Uk A T. 

Proof. We argue as in [8], then without loss of generality we may assume that 12 = {p < 0}, 
where p is a smooth and strictly psh function on 12. If A; = 1, by using the function max(tti, s), 
we proceed as in [8] to prove that uiT has locally bounded mass in 12. By hypothesis, there exist 
an open set containing SuppT D12 (shrinking 12 if necessary) and an open set containing 
all polar sets 00 ) n 12 such that H '^u ^ 12 and Uj are bounded on \ ^u- Then by 

using induction, one can dehne the current 

dd^^ui A • • • A dd'^Uk A T = dd^{uidd^U2 A • • • A ddf^Uk A T). 

Now, let (5 > 0 sufficiently small such that C C 12^, here 12,5 = {p < la order to 

complete the proof, we shall repeat the arguments of Lu [TO] on □ 

Remark 6 . It is interesting to note that if Uj are locally bounded, then we recover a result of 
m- As a consequence, we mension that the wedge product 71 A ... A 7^ A T, is well dehned 
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for 7 j = d(Fuj or 7 ^ = dvj A d^Wj + dwj A d^vj, where Uj,Vj et Wj are m-sh locally bounded 
functions. In fact, we just see that 

2{dvj A d'^Wj + dwj A d'^Vj) = dd^{vj + Wj)'^ — dd^^v'j — dd^^wj — Vjdd'^Wj — Wjdd^vj. 

Notice that the notion of convergence in capacity become a good tools for the convergence 
of the complex hessian operator. Recall that a sequence of functions {uj)j defined on is said 
converges to a function u in the capacity capm,T on E if for every <5 > 0, we have ; 

lim capmT{E n {\u — Uj\ > 6}) = 0. 

j—>+00 ’ 

The purpose now is to define the complex hessian operator (dd^uY A T, for a given m-sh 
function u which is the limit in the sense of capm,T-capacity of Uj, where Uj are m-sh functions 
uniformly bounded near dQ H SuppT and such that the measures {dd^Uj)^ A T have small mass 
on any set of small capm,T-capacity. Recall that a sequence of positive measures {pj)j is said 
to be uniformly absolutely continuous with respect to capm,T hr a set E (i.e, pj <C capm,T), 
if for each e > 0 there exists a constant <5 > 0 such that for each Borel subsets F C E with 
capm,T{F) < b the inequality Pj{F) < e holds for all j. Therefore, we prove : 

Theorem 3. Let Ll be a bounded strictly pseudoconvex open subset of€E, T an m-positive closed 
current of bidimension {p,p) on and u € such that u is bounded near dQ H SuppT. 

Assume that 

(1) There exists a sequence {uj)j of bounded m-sh functions in Q. such that Uj are uniformly 
bounded near dLl H SuppT for all j and Uj u in capm,T on each E Q. 

(2) {dd^UjY A T -C capm,T uniformly on each subset E Ll. 

(3) lim capm,T{{u < —k}) = 0. 

Then, {dd'^UjY A T converges weakly to {dd^uY AT in Q and (dd'^uY A T <C capm,T on each 
subset E LI. 

In particular when m = n, Uj are uniformly bounded in LI and u is locally bounded in LI, we 
recover a result of [7]. Also, Thm.3 generalizes a theorem of m for the trivial current T = 1 and 
m = n. For the proof we need two intermediate lemmas. The first is a Xing’s type comparison 
principle for m-positive currents which extends the one given by [9] for the border case m = n. 

Lemma 2. Let LI be an open bounded subset ofET, T is an m-positive closed current of bidimen¬ 
sion {p,p), p > 1 on LI, and let u,v G H L°°{Ll). Assume that for each w € dLl n SuppT, 

lim inf (m(0 — v{f,)) > 0 , then for any constant r > 1 and all Wj G with 0 < wj < 1, 

j = 1 , ...,p, we have 

— f {v — uYdd'^wiA---Add^WpAT-\- f {r — wi){dd'^vYAT < f {r — wi){dd'^uYAT. 
P' J {u<r)} J {m<d} j {n<i;} 

Proof. Using Thm.2 in the case of bounded m-sh functions combined with the same arguments 
used by [9], we can easily obtain the required inequality. □ 

The following lemma generalizes the well-known result of Bedford-Taylor for the particular 
case m = n and T = 1, as well as the result of Lu m for any m and the current T = ™'. 

Lemma 3. Let T he an m-positive closed current of bidimension {p,p) in an open subset LI of 
C"" and let u,v G ^mi^) TiLffY^)- Then, we have 

ll{„>^}((id'^(max(u, v))Y AT = Tl^,^y^^{dd^uY A T. 

Proof. The equality is obvious if u is continuous. For the general case, consider a regularization 
sequence {uj)j that decreases to u. Then, F|„^.>^j.(dd‘’(max(ttj,u)))^ A T = ll^y^..^„y{dd‘^UjY A 
T. It is clear that fj = max(rtj — v,0) f f = max(u — v,0), fj,f are locally bounded and 
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quasicontinuous in Q (see Thm.l). Therefore, using subaddivity of capm,T, for e > 0, there 
exists an open set ^ of such that fj,f are continuous on O \ ^ and capm,T{^) < £• By 
the above equality, we see that fj{dd^{max{uj,v))y AT = fj^dd^ujY A T. Now we claim that 
fj{dd^UjY A T converges weakly to /{dd^uY A T. Indeed, let ip he a test function and let 
K = support((^) such that ||(/?||oo(-fil) < A. Then, 


(3.1) 


[ p[fj{dd%jY f{dd%Y AT] < A [ \fj-f\{dd%Y 

Jn Jk 

^ f(p[idd<^UjY AT- {dd'^uY A T] 


Observe that 

/ |/,-/|(dd%)^>AT< ||/,-/||oo(i^\^) / {dd%jYAT+\\fj-f\\^iK)[ {dd%Y^T. 
Jk Jk JKnff 

The first term in the right hand side inequality converges to 0 because fj converge uniformly to 
f on K \ while the second term is bounded from above by — f\\ooiK)s, where Ai is 

a constant not depending of j. In order to estimate the second integral in (3.1), we can write 
f = g + h, where g, h are two bounded functions such that g is continuous in 0 and /i = 0 on 
n \ Hence, if we set pj = T A {dd^ujY — T A {dd^uY, we obtain 



/ 

Jn 


fip[{dd%Y AT- {dd'^uY A T] 


< 




Since pj converges weakly to zero and g is continuous, the first integral converges to zero. Also, 
it is not hard to see that the second integral is bounded from above by A 2 e, A 2 is independent 
of j. This completes the proof of the claim, and therefore we obtain the following equality 
f{dd^{vnay.{u,v))Y AT = f{dd^uY A T. By the same arguments, for every d > 0 we have 

^ {dd^{max{u,v))Y AT = ^ [dd^uY AT. 

f + 0 J + 0 


Since 


/ 

f + S 


t by letting 6 to 0, we obtain the lemma. 


□ 


Proof of Theoremd. By hypothesis u is bounded near dQ H SuppT, then by Thm.2, {dd^uY A T 
is a positive Borel measure. The proof was divided in two steps. 

Step.l Assume that Uj are uniformly bounded in and u is locally bounded in fl. Then, we 
repeat the proof of [7j by using Thm.l instead of the theorem of quasi-continuity for bounded 
psh functions proved by [7j. 

Step.2 general case. We argue as in [13], then for c ^ 1, we set 

{dd^UjY AT- {dd^uY AT = [{dd^UjY AT- {dd^ max(M, -c)Y A T] 

+ [{dd'^ m.ayi.{uj, —c)Y AT — {dd^ niax{u, —c)Y A T] 

+ [ldd^ max(u, —c)Y AT — {dd^uY A T] 

= I1 + I2 + h- 

Observe that for every c, max{uj, —c) converge in capm,T-capacity to max(ri, —c). Therefore, by 
Step.l, it is clear that I 2 converges weakly to 0, when j —>■ -|-oo. To investigate the other terms 
let e > 0 and let p € ^(H), be a test function. Since max(tt, —c) decreases to u as c ^ -|-oo, we 
deduce from Thm.2 that for c sufficiently large |(l 3 , (/7)| < e. In order to estimate (Ii, p), we use 
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lemma 3 to get ll|„^.>_c}(dd'^(max(uj, —c)))^ AT = 'il{uj>-c}{dd^Ujy A T. Hence, 


\{Ii,T)\ = 


/ {uj <—c} 


ip[{d(fujY AT — {d(T max(uj, —c)Y A T] 


< H / {dd^UjYAT+ / 

—c} j {uj<—c} 


{dd^ max(Mj, —c)Y AT j . 


In view of lemma 2, we see that 

f {dd^ max(Mj, —c)Y AT < 

J {u 


/ {Uj<—c} 


— I — (^dff max(uj, —c)Y A T 

f{uj<—c} V ^ ) 

C \P 

— Uj 

l{uj<-c/2} ' 


< 2P I {dd‘^ max.{uj / c,—1)Y A T 


< 2P{p\) / {dd'^UjY AT. 

J {uj<—c/2} 


It follows that 


\{h,^)\<A{l + 2P{p\)) [ {dd^u,Y AT. 

J {uj<—c/2} 


Using the fact that Uj —>■ u in capm,T on each E Q. combined with hypothesis (3), we easily 
see that capm,T{{uj < —c/2}) is uniformly convergent to zero for all j as c —>■ +oo. Hence, we 
conclude by the second hypothesis that there exists cq > 0 such that for any c > cq, |(/i, v?)] < e, 
for all j. Finally, we obtain the fact that {dd'^ujY AT — {dd^uY A T is weakly convergent to 
zero, as j -A +oo. In order to prove that {dd^uY A T <C capm,T on each subset E we can 
proceed as in m- □ 


4. CeGRELL’S classes associated to an m-POSITIVE CLOSED CURRENT 

In this section, we associate to each m-positive closed current T, in the same way as [9] and 
m, three classes of Cegrell-type: . In order to get important properties of 

such classes, it should be take more care than the case of the trivial current T = I introduced 
by Cegrell [5], as well as the case T = introduced by Lu m, since T may have a large 

singular part. We investigate then the most important relative properties and we point out 
that some of them given in [9] are not true. Next, we prove a Xing-type comparison principle 
inequality for the class (see definition 5 below). The definitions and results involved in 

this section are quite obvious modification of those of the complex case m = n, or the strongly 
positive current T = For the proofs we shall following the line of [9] and m- 

4.1. Definitions and properties. Let 12 be a bounded domain of C"'. Let T be an m-positive 
closed current of bidimension {p,p) with p > 1. Denote by the cone of all negative m-sh 

functions on D. We define 

Definition 5. 

(1) G ^-{n) n L°°(D), limu{z) = O G dU n SuppT, J^{dd^uY AT <+oo 

(2) = |tt G ^{uj)j C £’^’'^(12), Uj X u on Q, supj J^{dd‘^UjY AT < -|-oo| 

(3) Let u G £^“(12), we say that u G £’”*’'^(12) if for every zq € Q, there exist a neighborhood 
u! of zq in 12 and a decreasing sequence {uj)j C £^™’^(I2) such that Uj u on uj and 
supj j^{dd^UjY AT < -boo. 
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In particular, if m = re, we obtain the well-known Cegrell’s classes [5], for T = 1 and the 
associated classes of [9] for T be a closed positive current. For any rre and T = we recover 

the classes introduced by Lu m- Now, we start by listing some properties which can be proved 
by repeating the arguments in [S] and [S]. 

Properties 2. 

(1) c c 

(2) If G and V' G then max((^, i/;) G £’^’'^(0). 

(3) The above classes in dehnition 5 are convex cones. 

(4) li ^ {Q) then J^{—'il;Y^^{ddE(pY/\T < (p-|-I)!sup( 

(5) If re G then J^{ddEuY A T < +oo. 

(6) Assume that re, re G and Vire G dEl n SuppT, lim u{Y) 

^—>■ 11 } 

then udd'^v AT = vdd^u A T. 

(7) If re, re G then udd^v AT = vdd^u A T. 

The fourth property known as the Blocki’s inequality, while the two later are ’’integration by 
parts” for the current T. Unfortunatly, some other properties of these classes given in [9] for 
the case m = n, are not true. Namely, let us recall the following 

Remark 7. In their paper [9, Thm.5.3], the authors observed that ’’integration by parts” for 
positive closed current T of dimension greater than one also holds true. We give here an example 
against which shows that the statement of Thm.5.3 (later proof) in |U] is false. Let H = i?(0,1) 
in the unit ball and for z = {zi,Z 2 ,zs) G 11, setting T = [zi = 0], re = log \z\ and re = \z\‘^ — 1, 
here T is the current of integration on {zi = 0}. It is clear that the functions re and re satisfy 

the assumptions of Thm.5.3 of [9]. Taking into account the fact that [dd^ \og{\z 2 \'^ + 
is nothing but the Dirac measure on the origin in C^, it is not difficult to get u{dd'^vY AT = 
^ / -I = J^v{dd^uY AT. 

4.2. Approximation of m-sh functions and complex hessian operator for An 

essential tool in the study of complex pluripotential theory is the approximation of psh functions. 
Locally, this is a classic phenomenon by ordinary regularization. In [5] Cegrell proved that such 
approximation is globally true for psh functions defined on an open hyperconvex set. Recently, 
Lu m extends the result of Cegrell for m-sh functions defined on an m-hyperconvex open set. 
Recall that an open subset D of C"' is said m-hyperconvex if it is bounded, connected and there 
exists (f G ^“(D), continuous and exhaustive i.e, for every c > 0, = { 2 ; G D, (p{z) < —c} d D. 

Our aim now is to establish the analogous approximation for the associated class 

Theorem 4. Let D be an m-hyperconvex domain, re G .13^“ (D) such that lim u{z) = 0, for each 

Z^W 

w G dLl n Supp(T), where T is an m-positive closed current of bidimension {p,p), p > 1 such 
that /^(dd'^uY AT < -|-oo. Then, there exists a decreasing sequence {vj)j C nC(D) such 

that = 0,Vj G N and lim Vj{z) = u{z),'iz G D. 

In the particular case m = n, Thm.4 was stated and proved by [9]. We mention here that the 
proof of [ 9 ] is incorrect. Indeed, the authors applied the comparison theorem of [7j without the 
key assumption that re is locally bounded. Subsequently, we give a complete proof of this result 
in the general case. 

Proof. Let re^ = max(re, —k). Applying Thm.3.1 in [TO] on each re^, there exists a decreasing 
sequence 7P~{Ll) n C(D) with uYq^ = 0 \/j, A: G N, lim u^. = re^. In view of the construction 

J ^-|-oo 

of uj. (see the proof of Thm.3.1 in [10])) observe that the sequence (re^,)*, is decreases also. It 


-grY U-frYdd<^YY ^T. 
= lim re(^) = 0. If p = 1, 
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follows that 

u < Uj+l < < u’- <ui, Vs < j. 

Then by letting j —?■ +oo and s —>■ +oo in this order, we remark that the diagonal sequence 
{vj = u^j)j is decreasing pointwise to u. Finally, since Uk € ^~(Q) n then by using 

lemma 2 for tci = r — 1 and the Stokes formula, for all A > 1, we have 

[ {dd'^Vj)P AT = [ {dd%jY AT <\P [ [ddFujY AT = \P [ {dd'^uY AT < +oo. □ 

Jq j {Xuj<vj} Jq Jq. 

According to the notations of [S], observe once again that the statement of Prop.5.16 in [S] 
requires the key assumption: j^{dd^hY AT < +oo, because it was needed in the proof. Using 
the same argument, Thm.4 allows us to improve Prop.5.16 as follows: 

Proposition 4. Let ui,--- ,Up € {LI) and let h G ^^Ln{Ll) such that lim h{z) = 0 and 

2—>-90 

j^{dd^h)^ AT < +00. If Qj G £^‘''^{^ 1 ) decreases to Uq as j -A +oo, g = 1 , ... then 

lim [ hdd^g] A--- Add^gP AT = [ hdd'^u^ A ■ ■ ■ A dd%P AT. 
j^+ooj^ Jn 

By repeating the same argument of |10] . we shall extend the definition and the continuity of 
the complex hessian operator to the class £"^’'^{Q). More precisely, we have 

Theorem 5. Let LI be an m-hyperconvex open subset of C"", T an m-positive closed current 
of bidimension {p,p) on Ll and G £’™'’^(U),1 < q < p. If {9^j)j C £Y'’'^(Ll) is a decreasing 
sequence to when j -A +oo then dd^g^ A dd^g'j A • • • A dd^gP A T converges weakly on U and 
the limit does not depend on the choice of the sequence {9^)j- 

As a consequence, it is clear that the complex hessian operator is well dehned for u'^ G 8'^''^{Ll). 
More precisely, if G ^”^’^(0), 1 < q <p, then dd^u^ A • • • A dd^uP A T is a positive measure as 
the weak limit of the positive measure obtained in Thm.5. 

Definition 6. Consider the class /C™'’^(= 1C^''^{LI)) C ^~{Ll), such that: 

(1) If u G , V G then max(n, u) G 

(2) If M G {uj)j C f u, then the sequence of measures {dd^Uj)P AT 

weakly convergent. 

Proposition 5. £^’^{Ll) C /C"^’^{Ll). 

Remark 8 . Notice that the above inclusion is in fact an equality for m = n and T = 1 by 
Cegrell [5] as well as for T = by Lu |10] . This leads to the following important fact: in 

both cited cases is the largest class for which ( 1 ) and ( 2 ) of definition 6 holds true. 

As a consequence of the proof of this main result Cegrell has observed that is locally 

in This observation was extended by Lu [ID] for the case T = In their paper 

[9] the authors have stated without proof the same result for £’’^’^(12). It is important here to 
mention that this is not yet clear. In fact, the arguments used firstly by Cegrell and later by 
Lu, build essentially on the existence of a relative extremal function, which is a key difficulty 
when T is a positive closed current. 

Proof. Let u G then by definition 5, for every zq G Ll, there exist a neighborhood u of zq 

in Ll and a decreasing sequence {uj)j C T™’ (fl) such that Uj 4- u on cj and supj J^{dd^Uj)^ AT < 
+ 00 . Let V G then according to Thm.3.1 in [10], there exists a decreasing sequence 

{vj)j C £Y'{Ll) nC(n), such that vj J, u on fl. Setting ipj = ma.x{uj,Vj) G it is clear 

that ipj max(n, u) = (/? on u. Moreover, by using lemma 2 for tci = r — 1, for every A > 1, 

I {ddf^pjY TT= I {dd^ipj)^ AT <\P f {dd%j)P A T. 

J {Xuj<(fj} JQ. 
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Hence, sup^ AT < sup^- J^{dd^UjY AT < +oo and therefore, Lp G It follows 

that the first point in the definition of was satisfied. Concerning the second one, let 

{uj)j C ^“(H) n such that uj I u € and consider a function ip € £^’'^{£1)- 

Then we have gj = m.ax{uj,mj(p) G gj X u € £"^^'^{£1), where {rnj)j is any sequence 

decreasing to —oo. Thank’s to Thm.5, {dd^gjY A T converges weakly to {dd^uY AT. □ 


4.3. Xing-type comparison principle for . Now, we prove the main result of this 

section. It’s a Xing-type inequality for the class 


Theorem 6. Let £l be an m-hyperconvex domain of , T an m-positive closed current of 

bidimension {p,p), 1 < p < n, u and v G such that u < v in a neighborhood of 

Supp(r). Let l<k<p, r>l and wi ^ r + Then, we have : 

^ [ {v — uYddfwi A ■ ■ ■ Add!^Wp AT + f {r — 0 Ji){dd^vY A dd!^Wk+i A ■ ■ ■ A dd^Wp AT 

k\ .Jn Jq 

< {r — iOi){dd^uY A dd'^Wk+i A ■ ■ ■ A dd'^Wp A T, 

Jn 

for every Wj G such that 0 < Wj < 1, j = 2,..., k and Wk+i, ■ ■ ■ ,Wp € £P^''^{£1). 

Notice that in the case when m = n and T = 1, the hypothesis Wj G is superfluous 

since VSTL C (see [5]). In that case we recover a result of [11]. For the proof we need 

the following lemma with a proof similar to a result in m- 


Lemma 4. Let £l be an open bounded subset ofC^, T an m-positive closed current of bidimension 
(1,1) and u,v G r\L°°{£l) such that u < v in a neighborhood o/Supp(T). Assume that 

for each ^ G clHnSupp(T), lim[u( 2 ;) — u(z)] = 0 then for every w G ^rn{£l),0 < w < 1, we have 

[ {v — uYdd^w AT < k f (1 — w){v — uY~^dd^u A T. 

Jn Jn 

Proof of Theorem 6. Step 1: case when u,v G £’^’^(H). 

For simplicity, setting R = dd^w^+i A ... A dd^Wp A T. We begin by the case n = u in a 
neighborhood of d£l fl Supp(T). By lemma 4 and the fact that 1 — rcj < 1, we get 


< 

< ... < 

< 


[ {v — uYdd^wi A • • • A dd^Wp AT = 

Jn 

{v — uYddhwi A ■ ■ ■ A ddhwk A R 

Jn 

k {v — uY~^ddfu A ddh^wi A • • • A ddfwk-i A R 

Jn 

k\ / {v — u)dd‘^wi A {dd^uY~^ A R 

Jn 

p 'k—l 

k\ / {v — u)dd^wi A S^{dd^uy A {dd'^vY~^~^ 

Ls=0 

,. 'k—l 

k\ / {wi - r)ddYv -u)A 'Vidd^y A {dd^y-^-^ 

L.=o 

p 'k—l 

k\ / {r - wi)ddYu - v) A 'Vidd^y A {dd^y-^-^ 

L.=o 

k\ [ (r — wi) {dd^uy — {dd!^v) 


A R 


A R. 


A R 

A R 
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Consequently, 

^ [ (v — u)^d(fwi/\ ■ ■ ■ hdcfwp/\T + [ (r — u!i)(dd^v)^ A dd^Wk+i A ■ ■ ■ A dd'^Wp AT 

k'- Jn Jn 


< 


(r — uji){dd^u)^ A ddFwk+i A - ■■ A dd^Wp A T. 


Now, let us prove the general case. For e > 0, denote by = max(R, u — e). It is clear that 
Ue t oil when e 0, Ug > n on fl and Vg = u in a neighborhood of dQ fl Supp(T). Using the 
preceding case, we have 


(4.1) ^ / {vg — u)^dd^wi A-■ ■ Add!^WpAT + f {r — wi){dd'^Vg)^ AR < f {r — wi){dd'^u)^ A 
k- Jn Jn Jn 


R. 


Now we claim that (dd^VgR A R converges weakly to {dd^vR A R. In fact, since integration by 


parts is holds for if we consider h G we have 

[ h{dd%gfAR= [ Vgdd^hA{dd%g)^-^AR< [ vdd‘^hA{dd%ef~^AR = [ hdd%A{dd%gf-^AR. 

Jq Jq JS7 Jo, 

Repeating the same argument, one get the inequality h{ddAvg)^ A R < h{dd^v)^ A R. To 
see the converse inequality, observe that 


/ 

Jn 


h{dd%efAR = I vgdd^h A {dd^vgf-^ A R 


> 


{v — £)dd^h A {ddJvg)^ ^ AR 


vdd^h A (dd^Vg)^ ^ A R — e f dd^h A (dd^Vg)^ ^ A 

• Jq 


R 


= / hdd'^v A (dd^Vg) ^ A R — e / dd‘^h A (dd^uf ^ A R. 

Jn Jn 

In the later equality we use an integration by parts and the fact that Vg = u near the boundary. 
We continue in the same line, we easily obtain the following inequality : 

^—1 

f\j j. ^ 

/ h{dd%gf AR> hiddJ-vf A R - eV] / dd^h A {dd%Y A {dd^uf-^-^ A R. 

Jn Jn ^_g Jn 

Since ^""^’^(11) is convex, we see that the integral dd'^h A {dd^vY A {dd^uY~^~^ A Ris hnite, 
and this complete the proof of the claim. On the other hand, since Q <Vg — uJ v — u when e J, 0 
and r — wi is lower semi-continuous, by passing to the limit in (4.1), when e —)■ 0, we obtain: 

1 


k\ 


'n 


(v - uYdd^wi A • • • A dd^wp AT+ / (r - uji){dd^vY AR< {r - wi){dd^uf A R. 


Step 2: case when u,v G J^’^(II). 

By definition, there exists two sequences {uj)j and {vj)j in T™’^(II) such that uj | u and vj I v 
on n. Replacing Vj by niax{uj,Vj), we may assume that Uj < Vj Vj > 1. Then, by applying 
Step 1, for every 1 < j < s, we have 

— I {vj — UsYddJwi A ■ ■ ■ AddJwp AT + [ {r — 0 Ji){ddJvjY A ddJwk+i A ■ ■ ■ A ddJwp AT 

Jn J^ 

(r — uJi){dd‘^Us)^ A dd‘^Wk+i A - ■■ A dd^Wp A T. 


< 


m 


Since wi — r G f’™’^(0). Prop.4 implies that 


lim / {r—uJi){ddJusYAddJwk+iA-■ ■AddJ'WpAT = I {r—uJi){ddJuYAddJwk+iA-■-AddJwpAT. 


s—>- + 00 
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Then similarly as in Step 1, by letting s +oo and j —>■ +cxd in this order, we obtain the desired 
inequality: 


1 



u)^d<fwi A • • • A d(fwp AT + 

< 



uji){dd^v)^ A dd'^Wk+i A • • • A dd^Wp A T 
u]i){dd^u)^ A dd'^Wk+i A • • • A dd'^Wp A T. □ 


□ 

Before ending this section let us state the following problem related to Thm.4: 

Problem: Is Theorem 4 remains true if we remove the assumption j^{dd^uY f\T < +oo? 

According to the papers [5] and [TO], if T = or more generally if T satisfies the 

following hypothesis there is an m-sh exhaustive and continuous function v on Q such that 
Supp{T A (dd^vY) <s n, the answer to the previous question is positive. 


5. Complex hessian operator and tu-potential current 

Let T be a closed positive current of bidimension {p,p). In this section, we associate to T, for 
each m > p + 1, an m-potential by means of a local convolution of T with hm/d^~^, where hm is 
an (n — m + l)-sh function of Riesz-kernel-type. The important special case m = n corresponds 
to the well-known Lelong-Skoda local potential of T which had found a number of important 
applications in the study of the complex Monge-Ampere operator (see 131). By following the 
work of [3| , we prove firstly a result on the continuity of the complex hessian operator for a class 
of currents different to the one studied in the previously two sections. 

5.1. Complex hessian operator. We have already seen that the complex hessian operator is 
well defined and continuous on decreasing sequence of locally bounded m-sh functions. It turns 
out in the following theorem that this happen also for a large class of m-positive not necessarily 
closed currents. Therefore, one can follow the lines of |3] to prove : 

Theorem 7. Let 1 < p < m < n, Sm he a current of bidimension [n — m + p,n — m + p) on Q 
and ui, ...,Uq, p < q, are locally bounded m-sh functions on n. Assume that there exists {Sm)j a 
sequence of smooth {m — p,m — p)-form on Ll such that Sm is m-negative, dd^Sm is m-positive 
and {Sm)j decreases weakly to Sm- Then, 

(1) The sequence Sm A A dd^ui A ... A dd'^Uq converges weakly on H to a limit denoted 

by Sm A A A ... A dd'^Uq. This current is m-positive. 

(2) V E, Borel subset of Ll and \/ip strongly positive continuous {p — q,p — q)-form, we have 

lim [ AA A ... A A (^ = [ S'm AA dd^ui A ... A dd'^u„ A 

j^+ooj^ d_E 

O 

(3) VL, K two compacts subset of Tl, with K C L, there exists a constant ck,l such that 

IIS'™ A A dd'^tti A • • • A dd'^UqWK < CK,L\\Sm\\L\\ui\\oo{L) ■ ■ ■ ||Ug||oo(T), 

where IIS'mIlL — ~ Jl j^n-m+p ||u||oo(T) = sup{|u( 2 )|, z G L}. 

(4) Assume that u\,...,Uq, are sequences of m-sh functions decreasing pointwise respectively 

to ui, ...,Uq, then Sm A a dd^u\ A ... A dd^Uq converges in the sense of currents to 

Sm A A dd^ui A ... A dd^Uq. 

Notice that Thm.7 generalizes a result of [3] for the case m = n. Also, we point out that the 
assumptions about Sm, assert that the current Sm A is m-negative. 

Proof. Let {Ug)k be the regularized sequence of Ug, s = l,...,q, then according to Prop.l and 
lemma 1 the form a ddlu\ A ... A ddlu^ is positive. Moreover, this form converges weakly 

to A dd^ui A ... A dd^Uq. Let V' be a (p — — ( 7 )-from strongly positive. Then, the form 
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Sm A A d(Fui A ... A d(Fu^ A -ip (which is negative because Sm is m-negative) converges 

weakly to Sm A A dd'^ui A ... A dd^Uq A ip, as k ^ +oo. It follows that, for every j, 

Sm A A dd^ui A ... A dd^Uq A tp is negative. The rest of the proof of Thm.7 for the case 

q < p, IS an easy adaptation of the arguments used by [3]. Assume now that p = q- When 
m = n, it is a quite easy idea of Bedford-Taylor to pull-back the problem in O x C, and then 
using the case q < p combined with the Fubini theorem. Unfortunatly, this is not the case 
when m < n, as shown remark 3. Therefore, we argue directly. Since the problem is local, 
by a techniques going back to [ 2 ], we can assume that O = {p < 0 }, where p is a psh smooth 
function in the neighborhood of and —M < ui < —1, I = l,...,p for a constant M > 1. 
Let (p be a positive test function. In order to prove statement (1), it suffices to establish that 
J^ifSm A A dd‘^ui A ... A dd^Up is bounded from below, since it’s a decreasing sequence. 

To this end let iL, be a compact set containing the support of (p and choose 5 sufficiently small 
such that AT C = {p < —(5}. Let vi = max I = 1, ...,p. It is clear that vi is m-sh 

and smooth near vi = ui on and vi = on the corona For simplicity, setting 

7 = A dd'^ui A ... A dd'^Up-i and a = /J"-'" a dd^vi A ... A dd'^Vp-i. Since Sh is m-negative 


L 


pSp^ A 7 A dd^Up > c / Sp^ A 7 A dd^Up > c 


J Us 


A a A dd'^Vp > 


I 

Ju 


SL A a A dd^v. 


^S/2M 


P- 


Let ip € & {^ 5 / 3 m) , 'ip > 0 and ip = 1 on ^s/ 2 M- By regularization and passing to the limit, one 
can asumme that each vi is smooth. Then, by using the Stokes formula we get 
(5.1) 


L 


SL A a A dd^Vn > 


'p ^ 


S!2M 


j 

Ju 

I 

I 

Ju 


S/3M 


S/3M 


ipSp^ Aa A dd^ivp + M) 
{vp + M)dd'^{'ipSPP) A a 

r 

[vp + M)ipdd^Sp^ Aa + 


^6/3M 

a 


(vp + M)dd^ip A Sp^ A a 


> 


—2 f (vp + M)dSp^ A d^ip A 

J^S/3M 

[ {vp + M)dd'^'ip A Spi Aa — 2 f {vp + M)dSp^ A d^^ip A a. 

J^S/3M J^S/3M 


The last inequality because {vp + M)'ipdd‘^Spi A 7 is positive. Also, since u; = ^p in the region 
where dd^^ip = 0 , we see that the first integral in the same inequality is finite since it converges. 
Concerning the second integral, using the same argument, the Stokes formula yields 


/ 


(vp + M)dSp^ A d^ip Aa = — 


{M/df [ 
J Q I 


SP,AI5'^-^ Ad{{p + 5)dPiP)A{dd^pY-\ 

^6/3M 

The later integral is obviously finite. To prove statement (3) for the case q = p, we can use 
equation (5.1) and the same statement for the case q = p — 1. □ 


Arguing as in [3], we can establish the following corollary of Thm.7. 


Corollary 1. With the same notation as in Theorem 7, we have 

(1) Spi A /J””™ A dd^u{ A ... A dd^up converge weakly to Sm A A dd'^ui A ... A dd^Uq. 

(2) Sm A A dd^ui A ... A dd^Uq is not depending on the the sequence {Spi)j that satisfy 

the hypothesis of theorem 7. 


As an example of Sm in Thm.7, we can take Sm = u/3™' where u is a negative m-sh 
function. Regarding definition 1, if {vj)j is the standard regularization of u, one can easily 
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check that Sm = is m-negative and ddPSm is m-positive. Building on the work of Ben 

Messaoud-El Mir [3], in the next subsection we give another example of such currents which 
involves some interesting properties. 

5.2. m-Potential current. Let T be a positive closed current of bidimension {p,p) in an open 
set O of C”'. Let fli ^ fl and p € ^(^1), 0 < < 1 and ?/ = 1 in a neighborhood of Oi. 

Definition 7. For every integer p < m < n, there exists a negative current of bidimension 
{n — m + p + l,n — m + p+1) in C” denoted by Um = Um,{^i,T) and defined by: 

— x) 

py-Jh)± yuy) /\ - 

/xeC” 


Um{z)=-Cn p{x)T{x) A 
JxGC" 


2(m-l) ’ 

\z — x\ "-WI +1 


where Cn = 


1 


— 2(m—1) — 2^_ 

Let hm(x) = —Cr,\x\ '‘-m +1 = — C„|x| ln-m +1 


nUm 


A straightforward computation gives 

— 2n 

(5.2) dd^'hmix) = iJ.ni\x\^-'^+^/3{x) - 

n — m + 1 

By using the Binome formula, it is not hard to get 


(n — l)( 47 r)’^ 

, be a Riesz kernel and put pm = ■ 


2(2n —m+1) 


x\ n-m+l id\xp A 9|x| 


VA: < n — m + 1, 


{dd^h 


A = {Pm) 


]^n(Ti ni ^ ^^\— 2 kn/n—m+l ryn 


\X\ 




(n — m + 1 ) 

It follows that hm is {n — m + l)-sh and satisfies hm € when a < (gee also 

[T]). Denote by Km{x) = hm{x)(x), then Um{z) = {p.T) -k Km{z). This means that the 
coefficients of Um are obtained as the convolution product of the coefficients of pT (which are 
compactly supported measures) by Km- It follows that the current Um has a < ^ 
as coefficients. It should be noted here that the border case m = n is of key importance, since 
hn is the well-known Newton kernel and is nothing but the potential current of T which is 
fundamental in the study of the Monge-Ampere operator and the slicing theory of a positive 
closed current (see M)- Notice also that if m = p-|-1, Up+i is just a negative (n — p)-sh function. 
Let X be a smooth positive compactly supported function in the unit ball of C” such that x 
depending on |z| and xd^n = 1- Throughout the rest of this paper let {xj)j be the associated 

regularization sequence to x- Denote by Km{z) := Km * Xj{z) = [hm * Xjiz)]P^~^{z)- In the 
remaining, we set 

■= iv-T)-*^K^miz) = [ p{x).{hm-*^Xj)iz-x)T{x)AP^-'^iz-x). 

It is clear that Um is a smooth (m — p — l,m — p — l)-form in C”’. Since hm is {n — m + l)-sh, 
the regularization {hm*Xj)j is a sequence of smooth {n — m + l)-sh functions that decreases to 
hm- It follows that the negative sequence {Um)j decreases weakly to the current Um- Let 

Um{z)=i^^-^-^'^" 


E 

\I\ = \J\=m-p-l 


Ufjdzi A dzj. 


A direct computations on the coefficients of the current Um gives 

Proposition 6. The trace Um{z) = UY\{z) is a negative {n — m + l)-sh function. Moreover, 

I 

if N = min(p, m — p — 1), for all z G C”, we have 


^m(.z') — 




N 

E 


(—l)^(n — m)\s\{n — s)! 
[n — m + p -\-Uj\ — ffi — p — gyfp — g'ji 


IxGC^ 


p{x)hm{z - x)T{x) A P^{x). 
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Proof. By rewriting the proof of [3], it suffices to prove the equality in the sense of currents. 
Observe that the form — x) acting only by its component G of bidegree {p,p) in x and 

n 

{m — p — l,m — p — 1) in z. Let 7 = 2idxj A dzj. Since f3{z — x) = f3{z) — 7 — 7 + (3{x) and 

these forms are even, by the Binome formula, we get 
N 


G = E 


(m — 1)! 


^ 7 ^ {m — 1 — p — .s) \ {p — s)! (s!)^ 


^P-%x) A AjY A P' 


-\s „ om-l-p-s 


(z). 


On the other hand, it is not hard to see that 

(7 A 7 )'^ = (s!)^ ^ {—ly 2^ dzj A dzi A2^ dx[ A dxj. 


|/| = |,7|=. 


Therefore, 

^ Byj{s,z)y^-^-P-yz) A2^p"dzj Adzi , 

|/| = |J|=S 

where, 

BYj{s, z) = f p{x)hm{z — x).T{x) A /3P~^{x) A 2^P dxj A dxj. 

JxgC’^ 

Summing up the diagonal coefficients by a direct calculation of Um{z) A (z), it is not 

difficult to deduce the result. □ 


N 


Um{z) — 


(—l)^(m — 1)! 


s=0 


{m — 1 — p — s) \ {p — s)l 


Remark 9. Let a = ^ then a is positive and = s! A dxj. 

Using the notations of the preceding proof, it is clear that '^\j\=\j\=s ^ negative 

(n — m + l)-sh function, because it is the convolution product of the compactly supported 
positive measure p{x)T{x) A I3 p~^{x) A a®(x) with hm- Similarly, each Byj{s,z) is a negative 
(n — m + l)-sh function. 


Using a convolution argument by the smooth kernel {Xj)j^ the m-potential current Um shares 
the following properties, which extend the border case m = n, established by [3]. 


Proposition 7. Let X be the interior of {r/ = 1}. With the above notations we have 

(1) A = Cn,m<5o./3”', Cn,n = 1 and do is the Dirac measure at the origin. 

( 2 ) UL = Um-kXj- 

(3) There exists Ula G such that dd'^uL = Ar*(dd‘^iLm)] AXj +ii^. 

Moreover, Rm converges inCy^_p^^_p{X), to a smooth {m—p,m—p)-formRm satisfying 

dd^Um = P2 M{vT) a T*{dd^Km)] + Rm, 

in the sense of currents, where the current p 2 i,\p\{riT) At*{ dd‘^Km)] is positive, equals to 
rjT if m = n and has as coefficients for a < n — m + 1, if m < n. 


Proof. Let a = dd'^log |xp and 7 = id\x\^ A 5|xp. By turning back to the equation after (5.2), 
we see that {dd'^hm)^~^~^^ A is supported by the origin. On the other hand, using (5.2) 

and the Binome formula, it is not hard to get 


hmidd’^hm)"-^^^ A 
Since 

hmidd^hm)"-'^^^ A r-^-- 


n — m + 1 

(n — l)|x |“^”'7 A we deduce the equality 

-Cnpyy^{m-l) 2(n-i)^n-i _ riCnjn - 

(n — l)(n — m + 1 ) (n — m + l)(n — 1 ) 
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It follows that 

(n — l)(n — m + 1 ) 

It is well-known that A(—= 4n(n — l)/ 2 n^ 0 ) where l 2 n = /iR 2 n(|a;p -|- l)“”'“^dA(x). 
Then, we obtain the first statement 

n—m+1 




\n — m -|- 1 / 


hndo-P^' 


n — m + 1 ^ 

To prove the second and the third statement we follows the arguments of [3]. To check the 
third one, we denote by pi (resp.p 2 ) the first (resp.second) projection of C” x C” on C"", i.e, 
Pi{x,z) = X and p 2 {x,z) = z. Let also r be the function defined by t(x,z) = z — x. From the 
integral expressions of Um and Um, we see that 

Um = P 2 *\p*i{vT) a T*{Km)] and = p2*bi(^^) 'r*(Ar^)]- 

This prove in particular the negativeness of Um and Um- On the other hand, we have 

dd^uL = p2*bi(^^) T*{dd^Kln)] + P2i,\pi{dd^{pT)) A r*(iF^)] 

(5.3) +p2M{d{dT)) A T^id^KL)] - P2Mid%ilT)) A r*(diF^)] 

= P2*bl(^^) ^ T*{dd^Ktn)] + RL- 

As the current T is closed and the forms dp, d’^p and dd'^p vanish on X, the sequence Rm is 
smooth on X and converges in ,„_p(A)-topology to the smooth form 

Rm = P 2 *[Pi{dd''{pT)) At*{K m)] + P 2 i,\pt{d{pT)) AT*{d‘'Km)] -P 2 *bi('^‘'(^^)) AT*{dKm)]. 

If m = n, then by [3], J> 2 *bi(^^) T*{dd^Kn)] = {pT) ^Xj- Assume now that m < n. For 
simplicity, setting 


dd^hm = Pm{x)l3 + 'llJm{x)'y, p{x) = Pm\x \"-”‘+1 , '({^{x) = 


-npm I I 2(2n-m+l) 

\x\ n — m+1 


n — m + 1 

It follows that 

dd'^K^m = dd'^Km A = ipi,{x)/3"^ + {ipm!) * Xj{x) A . 

Consequently, 

P2*bi(^^) AT*{dd^KL)] = 

= P 2 *\pUvT) AT*{ipln{x)f3'^)] +P 2 * [plipT) At* ((V’mA) * Xi(a;) A/3'""^)] 

= P^{x) + QL{x). 

Observe that the forms ipm{x)l3 and 'tpm{x)x have as coefficients for a < n — m-|- 1 (because 
7 < bP/3). Therefore, similarly as in the proof of the second statement, by the associativity of 
convolution action, we obtain 


(5.4) 


pL{x) = 


p{x)T{x) A ip>m{z - x)l3'^{z - x) 


(5.5) 


And also. 


/ p{x)T{x) A(pm{z - x)^'^{z - x)\-kXj 

\Jx£iC^ / 

= P2*\P\{PT) AT*{^Pm{x)P'^{x))]-kXj■ 

QL{x) = [ p{x)T{x) A{iiml)^Xj{z - x) A j3'^~^{z - x) 

f p{x)T{x) A {'4^ml){z - x) A/3™“^(z - x) ) -kXj 
Jx_eC^ ) 


= P 2 * bi(??r) At* (V'm(x)7(x) A/3™ ^{x))]-kXj- 


(5.6) 
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On the other hand, we have 

d(fKm = dcfhjn A = ipm{x)l3^ + 'lpm{x)'y A 


Therefore, by summing up (5.5) and (5.6), the equation (5.4) yields 

P2*\ptir]T) A T*{dd'^K^)] = (p2*bi(^^) T*{dd'^Km)]) * Xj- 

Finally, in virtue of (5.3), we get 

dd^Ui, = ip2Mir]T) A r^idd^^K^)]) * Xj + RL- 


In order to finish the proof, it remains to check that the current P 2 *bi(^^) T*{dd^Km)] is 
positive. To this end, it suffices to prove that dd^Km is strongly positive. By using the well- 
known equality a™ = A and by (5.2), we have 


(5.7) 


dd'^Km = 

-2n 


Rm - 

^ n — 


1-2 


n—m+l I 


7 A/3' 


m—1 


I ( m{n-m+l)-r 
« “T I n-m+1 


2m{n — m-i-1) — 2n 




-2 


= lJLm\x\ ri-m+l 


n"- -L // I 'rn(n-in+l)-n 
« -I- Pm i n-m+l 


\X\ 


7 A 

2(2n —m+l) 
n — m+l 


"7 A/3' 


m—1 


Since 


m(n—m+l)—n 
n—m+l 


proof was completed. 


□ 


Using Thm.7 combined with the previous properties of Um and C/m, we can prove the following 
generalization of a result of j3] for the case m = n. 

Theorem 8. Let T, Um, Uh as above such that T is strongly positive. Assume that ui ,..., Uq are 
locally bounded m-sh functions and u\, ...,Uq, 1 < q < p + 1, are sequences of m-sh functions 
decreasing pointwise respectively to ui, ...,Uq. Then, 

(1) C/m A+“™ Add'^ui A ... Add+q converges in the sense of currents on Q to a limit denoted 

by Um A A dd^ui A ... A dd'^Uq. 

(2) Um A /3"'“'" A dd^u{ A ... A dd'^+ converges weakly on Ll to Um A /3"'“'" A dd^ui A ... A dd^Uq. 

(3) uli A A dd^u{ A ... A dd^u^ converges weakly on Q. to Um A /3"'“'" A dd'^ui A ... A dd^Uq. 

(4) dd'^fUm A A dd+i A ... A dd^Uq) = dd^Um A A dd^ui A ... A dd^Uq on Ll. 

Notice that the technical assumption on T to be strongly positive is especially related to the 
case m < n. In fact, when m = n, it suffices to assume that T is positive (see m)- 


Proof. The problem is local, then without loss of generality we can assume that O is pseudo- 
convex i.e, n = {p < 0}, where p is a smooth psh function in a neighborhood of LI. Since T is 
strongly positive, the currents Um,Um are strongly negative. It follows from lemma 1, that Um 
is an m-negative form. On the other hand, by Prop.7, the form Efn has a uniformly bounded 
coefficients on LI, thus, there exists a constant ^4 > 0 such that Rm + A{dd ^is strongly 
positive. Hence, once again. Prop.7 imply that the form 

dd^ (C/^ + Hp(dd+)™-P-i) - P 2 *[+(pr) A r^idd'^Km)] * Xj, 


is m-positive. Since the form p2*bi(7^) x*{dd'^Km)] Xj is m-positive, it follows that the 

form dd'^fUm + Ap{dd ‘^is so. Therefore, by taking into account the fact that the 
form Ap{dd^p)'^~'P~^ is m-negative, we are in measure to apply Thm.7 for the sequence Sm = 
UL + Ap{dd^p)'^-P-^. □ 
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